Paysics 513, QUANTUM FIELD THEORY
Homework 9
Due Tuesday, 18*® November 2003

JacoB LEWIS BOURJAILY
The Decay of Vector into Two Scalars
We are to compute the decay rate of unpolarized vector particles of mass M into two scalars of mass

m. We should calculate the decay rate in the rest frame.
Defining p* = (p — p)#, the amplitude for the decay diagram is given by
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It is quite straightforward to calculate the spin-averaged square of the amplitude,
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Now, because we are computing this in the rest frame where k, = (M, 0) and p* = (0, —2|p]), k,p" = 0.
Similarly, we know that p? = 4|p]2. Therefore,
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Note that |p] = E? — m? = (MT2 - m2) . Using this and the equation for the decay rate found in

Peskin and Schroeder,
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Mott’s Formula

We are to generalize problem 2 of Homework 8 in the relativistic case. We computed then the general
amplitude to be
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To compute the spin averaged amplitude, it will be helpful to recall our earlier kinematic result that
(py —p)* =16/p* sin #/2. Let us now compute the amplitude squared in the spin-averaged case.
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It will be helpful to break up the trace into its four additive pieces.

Tr (Y°@; + m)7 @+ m)) = Tr (V787" ¥) + Tr (1°mA°¥) + Tr (°¥s7"m) + Tr (v"my"m) .
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It should be clear that the two middle terms are both zero because there is an odd number of 4’s. The
last term is nearly trivial, Tr (Wom'yom) = 4m?2. Let us now work on the first term.

Tr (Y°#7°¥) = ps.poTr (v99%9°")
= 4p;.py (66" — g%g" + g g"0) |
=4(2E° —ps,p"),
=4(2E® — E? + p}p)
=4 (E? + [p]* cosb) .

Using these results, we have that

IM|? = 8|]514Z:if;9/2 [E? + [p]* cos § + m?]
= 8|ﬁ|428211€119/2 [2E% — |p1*(1 — cosB)] ,
_ 8@1?? 7 [2E% — 2| sin®6/2] ,
- 4|ﬁ1i2;1§2/2 [1 - @)2 o) 2] |
_ zwﬂmzjsei;m [1 - Bsin?0/2] .

In the last two lines we have used the fact that p/E = 3. Now, we showed in Homework 8 that
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Using the fine structure constant to simplify notation, where a* = %, it is clear that

do 7202
o= =—"" 1 3%sin%0/2].
A9~ 43%|p% sin® 62 [1 = % sin"6/2]

Helicity Amplitudes in Yukawa Theory
We are to consider the amplitude given by,
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a) We are to derive the selection rules for helicity for this theory.

We can best understand the selection rules by requiring that one of the spinors is in a projec-
tion. To bring the projection operator to the neighboring spinor (in either diagram and starting
from any outside term) requires that the projection anticommutes through a 4°. Therefore, the
interaction must flip the spins. Exempli Gratia, a#uR = uTWO#uR = ULUR.

b) Given these selection rules, what are the non-vanishing amplitudes? These are the only possi-
ble terms that involve both incoming states flipping their spin in the outgoing states. So, the

nonzero amplitudes are Mrr.rr, MeRr;LL, MLR,RL; MRL;LR, MRL;RL, MLR,LR-

c) We are to use problem 5 of Homework 5 to compute the explicit form of the two-spinors. We
should use this to find the eigenvectors uy(p) at very high energies. This is a relatively straight
forward calculation. We derived quite some time ago that in the high energy limit for general
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spinors. Using the helicity basis derived in Homework 5, we see that

0 cos /2
— JoF 0 _ e’ sin6/2
ur = V2F g sin 6,2 and ur = V2FE 0
cosf/2 0

d) Now we should rederive the selection rules from part (a). This is relatively straight forward. Let
us compute directly the ug and uy These two are simply,

g = (— 2Eei¢sin9/2,\/2Ecos9/270,0> and iy = (0,0,\/2ECOS€/2, 2Fe™ " sin9/2> .

It should be clear that in this limit, ugur = 0 because the have opposite zeros. Therefore, we
may again conclude that the only inner products that do not vanish are those which flip the spin
at the vertex. This is the same relationship seen intuitively in part (a).

e) We must now compute the nonvanishing inner produces of the eigenvectors that we mentioned
above. Let us compute each in turn directly.

ar(pur(p) = —2Ee' sin/2;

(

ar,(p )ur(p) = 2Ee™" sin 0/2;
ur(k')ur(p) = —2E€™ cos0/2;
ur (k' )ur(p) = 2Ee™" cos 0/2;
ur(p')ur (k) = 2Ee' cos6/2;
ar,(p)ur(k) = —2Ee" cos 0/2;
ar(K)ur (k) = 2Fe® sin 6 /2;

ap (K )ugr(k) = —2Fe™ % sin /2.

f) Let us compute the amplitudes Mpgr.rr and Mpg.Lgr in the limit of very high energy. We use
the limit to reduce |p|2-like terms to E2. These are directly computed to be
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By a similar calculation,
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g) Let us determine the spin averaged amplitude squared. The contributions are very similar to
the two above (in fact, the amplitudes are identical so we just multiply). We see
1

M2 = § (2026°)? +4g%).

. |[MJ2 = 3¢%.




